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Abstract
We introduce a special class of powerful p-groups that we call powerfully nilpotent
groups that are finite p-groups that possess a central series of a special kind. To
these we can attach the notion of a powerful nilpotence class that leads naturally
to a classification in terms of an ‘ancestry tree’ and powerful coclass. We show that
there are finitely many powerfully nilpotent p-groups of each given powerful coclass
and develop some general theory for this class of groups. We also determine the
growth of powerfully nilpotent groups of exponent p2 and order pn where p is odd.
The number of these is f(n) = pαn
3+o(n3) where α = 9+4
√
2
394 . For the larger class
of all powerful groups of exponent p2 and order pn, where p is odd, the number
is p
2
27
n3+o(n3). Thus here the class of powerfully nilpotent p-groups is large while
sparse within the larger class of powerful p-groups.
1 Introduction and basic properties
In this paper we study a special subclass of powerful p-groups that we call powerfully
nilpotent p-groups. The notion of a powerfully nilpotent group originates from the theory
of symplectic alternating algebras [4,6]. The latter is a certain class of alternating alge-
bras that were introduced to study powerful 2-Engel groups [2,5]. There turned out to
be a 1-1 correspondence between symplectic alternating algebras over GF(3) and a rich
class of powerful 2-Engel 3-groups. Under this correspondence, the nilpotent symplectic
alternating algebras correspond to powerful 3-groups with some special extra property
that means having a central series of a certain kind. Singling out this property gives rise
to powerfully nilpotent p-groups that turns out to be a rich subclass of powerful p-groups
that exist for any prime p. As we will see the property is natural and leads to a class
of p-groups with some beautiful properties. As another motivation we will see that these
groups occur frequently as characteristic subgroups of any powerful p-group G. For ex-
ample the Frattini subgroup of G will always be powerfully nilpotent and the same is true
for all the proper terms of the derived series and the lower central series of G. Although
we do not make any explicit use of GAP [7] in this paper, a number of GAP calculations
provided insight for some of the results.
Let G be a finite p-group where p is a prime.
Definition. Let H ≤ K ≤ G. An ascending chain of subgroups
H = H0 ≤ H1 ≤ · · · ≤ Hn = K
1
is powerfully central if [Hi, G] ≤ Hpi−1 for i = 1, . . . , n. Here n is called the length of the
chain.
Remark. Recall that a finite p-group is said to be powerful if either p is odd and
[G,G] ≤ Gp or p = 2 and [G,G] ≤ G4. More generally, a subgroup H of G is pow-
erfully embedded in G if [H,G] ≤ Hp, when p is odd, and [H,G] ≤ H4 for p = 2.
Definition. A powerful p-group G is powerfully nilpotent if it has a powerfully central
ascending chain of subgroups of the form
{1} = H0 ≤ H1 ≤ · · · ≤ Hn = G.
Definition. If G is powerfully nilpotent then the powerful nilpotence class of G is the
shortest length that a powerfully central chain of G can have.
Remark. Let G be a powerful 2-group of exponent 2e and consider the ascending chain
{1} = G2e ≤ G2e−1 ≤ · · · ≤ G2 ≤ G.
According to Shalev’s interchange lemma [3] we know that if M,N are powerfully em-
bedded subgroups of a finite p-group G, then [Mp
i
, Np
j
] = [M,N ]p
i+j
for all non-negative
integers i, j. In particular [G2
k
, G] = [G,G]2
k ≤ G2k+2 = (G2k+1)2 and thus the chain
above is powerfully central and therefore G is powerfully nilpotent. Notice also that if
e ≥ 2 then [G2e−2 , G] = [G,G]2e−2 ≤ G2e = {1} and thus G2e−2 ≤ Z(G) and the powerful
class of G is at most e−1. Having seen that all powerful 2-groups are powerfully nilpotent
we will normally assume in the following that a given prime p is odd except if otherwise
stated.
Remark. For any prime p one sees from the same calculation that if [G,G] ≤ Gp2 ,
then G is powerfully nilpotent.
Definition. We say that a finite p-group G is strongly powerful if [G,G] ≤ Gp2 .
Remarks. (1) It follows from the discussion above that a strongly powerful group must
be powerfully nilpotent.
(2) Let G be a finite p-group and let N be a subgroup of the Frattini subgroup Φ(G)
where N is powerfully embedded in G. Then N is strongly powerful and thus powerfully
nilpotent. To see this notice that
[N,N ] ≤ [N, [G,G]Gp] ≤ [N,G,G][N,G]p ≤ [Np, G][N,G]p ≤ [N,G]p = Np2 .
This implies in particular that if G is powerful then Φ(G) and more generally Gp
i
for
i ≥ 1 are powerfully nilpotent. The same is true for the proper terms of the derived and
the lower central series.
(3) Let p be an odd prime. Consider any powerfully nilpotent group with a power-
fully central chain {1} = H0 ≤ H1 ≤ · · · ≤ Hn = G. Then in particular [Hi, G] ≤ Hpi
and each term of the chain is powerfully embedded in G. Notice also that each term is
powerfully nilpotent. Clearly a quotient of a powerfully nilpotent group is also powerfully
2
nilpotent. As for powerful groups the property of being powerfully nilpotent is not in
general inherited by subgroups.
The upper powerfully central series. This is defined recursively as follows: Zˆ0(G) =
{1} and for n ≥ 1,
Zˆn(G) = {a ∈ G : [a, x] ∈ Zˆn−1(G)p for all x ∈ G}.
Notice in particular that Zˆ1(G) = Z(G).
Remark. The upper powerfully central series is clearly the fastest ascending series that
is powerfully central. There is however no canonical fastest lowest descending series that
is powerfully central. It is easy to see that if G is powerfully nilpotent, then the powerful
nilpotence class is the smallest nonzero integer n where Zˆn(G) = G.
If G/Gp
2
is abelian then G is strongly powerful and thus powerfully nilpotent. It turns out
that in order for G to powerfully nilpotent, it suffices that G/Gp
2
is powerfully nilpotent.
Proposition 1.1 Let G be any finite p-group of exponent pe where e ≥ 2. If G/Gp2 is
powerfully nilpotent, then G is powerfully nilpotent. Furthermore if G/Gp
2
has powerful
class m, then the powerful class of G is at most (e− 1)m.
Proof Notice first that, as G/Gp
2
is powerful, we have [G,G] ≤ Gp when p is odd and
[G,G] ≤ G4 when p = 2. Thus G is powerful. We have seen above that a powerful 2-group
is powerfully nilpotent and that the powerful class is then at most e− 1.
We can thus assume that p is odd. Suppose
G/Gp
2
= H0 ≥ H1 ≥ · · · ≥ Hm−1 ≥ {1}
is the upper powerfully central series for G/Gp
2
, where Hi = Hi/G
p2 with Gp
2 ≤ Hi ≤ G.
Since G is powerful, we have [Gp, G] ≤ Gp2 and thus Gp ≤ Hm−1. Hence
G = H0 ≥ H1 ≥ · · · ≥ Hm−1 ≥ Hm = Gp
is powerfully central. Consider the descending chain
G = H0 ≥ H1 ≥ · · · ≥ Hm = Gp
Gp = Hp0 ≥ Hp1 ≥ · · · ≥ Hpm = Gp2
...
Gp
e−2
= Hp
e−2
0 ≥ Hp
e−2
1 ≥ · · · ≥ Hpe−2m = Gpe−1 .
We know already that the first line gives us a powerfully central chain and as a result
H0, . . . , Hm are powerfully embedded in G. Using this fact and the interchange lemma,
we have that
[Hp
k
i , G] = [Hi, G]
pk ≤ Hpk+1i+1 = (Hp
k
i+1)
p
for 0 ≤ i ≤ m− 1 and 0 ≤ k ≤ e− 2. It follows that we have a powerfully central chain.
Notice also that [Hp
e−2
m−1, G] = [Hm−1, G]
pe−2 ≤ (Gp2)pe−2 = {1} and thus Hpe−2m−1 ≤ Z(G). It
follows from this and the powerfully central chain above that the powerful class of G is
at most (e− 1)m. 2
3
2 The ancestry tree and powerful coclass
Definition. Let G be a powerfully nilpotent p-group of powerful class c and order pn.
We define the powerful coclass of G to be the number n− c.
A natural approach is to develop something that corresponds to a coclass theory for
finite p-groups where coclass is replaced by powerful coclass. We are indeed going to
see that there are only finitely many powerfully nilpotent p-groups of any given powerful
coclass and this will follow from sharp bounds for the rank and the exponent in terms
of the powerful coclass. More precisely, if G is a powerfully nilpotent p-group of rank r
and exponent pe then r ≤ n− c + 1 and e ≤ n− c + 1. In this section we will prove the
first inequality. For the ‘classification’ we introduce, for a given prime p, the ancestry tree
where every powerfully nilpotent p-group occurs exactly once.
The ancestry tree. Let p be a fixed prime. The vertices of the ancestry tree are
all the powerfully nilpotent p-groups (one for each isomorphism class). Two vertices G
and H are joined by a directed edge from H to G if and only if H ∼= G/Z(G)p and G is
not abelian. Notice that this implies that Z(G)p 6= {1} and thus the powerful class of G
is one more than that of H. We then also say that G is a direct ancestor of H or that
H is a direct descendant of G, and we write H → G. Notice that a direct descendant is
unique. A group H can however have a number of (even infinitely many) direct ancestors.
More generally, if for powerfully nilpotent groups H and G there is a chain
H = H0 → H1 → · · · → Hn = G,
then we say that G is an ancestor of H and that H is a descendant of G. Notice that if
H has powerful class c then Hi has powerful class c+ i.
Example 1. For n ≥ 3 let G(n) := 〈a, b : apn = 1, bp = 1, [a, b] = apn−1〉. Then
G(n) is a direct ancestor to Cp2 × Cp. A powerfully nilpotent group can thus have in-
finitely many direct ancestors.
Example 2. For n ≥ 2 let G(n) := 〈a, b : apn = 1, bpn = 1 [b, a] = ap2〉. Notice
that G(n+ 1)/Z(G)p ∼= G(n). Thus the group Cp2 × Cp2 has infinitely many generations
of ancestors.
Remark. Suppose H is a powerfully nilpotent p-group of order pn(H) and powerful class
c(H) and suppose G is a direct ancestor of H. Then G has powerful class c(G) = c(H)+1
and order pn(G) = |G/Z(G)p| · |Z(G)p| = |H| · |Z(G)p| = pn(H)+k where |Z(G)p| = pk. No-
tice that k ≥ 1. Thus the powerful coclass of G is d(G) = n(H) + k − (c(H) + 1) =
(n(H)− c(H)) + (k − 1) and thus
d(G) ≥ d(H)
where d(H) is the powerful coclass of H. Notice that we have equality if and only if
|Z(G)p| = p.
We now turn to the task of proving that the rank of G is bounded in terms of the
powerful coclass.
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Lemma 2.1 Let {1} = H0 ≤ H1 ≤ · · · ≤ Hn = G be any powerfully central chain for a
powerfully nilpotent p-group G where |Hk| = pk for k = 0, 1, . . . , n. Suppose Hpj = Hpj−1
for some 1 ≤ j ≤ n. Then there exists x ∈ Hj \Hj−1 such that xp = 1.
Proof If j = 1 this is obvious. Suppose then that j ≥ 2. Pick first any x ∈ Hj \Hj−1.
Then as Hpj = H
p
j−1 we have that x
p = yp for some y ∈ Hj−1. Now x commutes with y
modulo Hpj−2. Hence
(xy−1)p = xpy−pzp = zp
for some z ∈ Hj−2 and by replacing x by xy−1 we can now assume that xp ∈ Hpj−2. If j = 2
we are done, otherwise a similar argument shows that we can replace x by a new element
in Hj \Hj−1 such that xp ∈ Hpj−3. Continuing like this we see that we can eventually pick
our x such that xp = 1. 2
Proposition 2.2 Let {1} = H0 ≤ H1 ≤ · · · ≤ Hn = G be any powerfully central chain
for a powerfully nilpotent p-group G where |Hk| = pk for k = 0, . . . , n. We can then
choose a1, . . . , an ∈ G such that Hi = 〈a1, . . . , ai〉 and such that api = 1 if and only if
Hpi = H
p
i−1 for i = 1, . . . , n.
Proof Follows directly from Lemma 2.1. 2
Definition. Let G be a powerfully nilpotent group of order pn and let L be an ascending
powerfully central chain
{1} = H0 ≤ H1 ≤ · · · ≤ Hn = G
where |Hj| = pj for 0 ≤ j ≤ n. The number
sL(G) = |{Hp0 , Hp1 , . . . , Hpn}|
is called the pth power length of L.
Remark. We can thus think of sL(G)− 1 as the number of ‘jumps’ in the chain
{1} = Hp0 ≤ Hp1 ≤ · · · ≤ Hpn = Gp.
Lemma 2.3 If L is any ascending powerfully central chain as above then |Gp| = psL(G)−1.
Proof Suppose that L is the asending central chain
{1} = H0 ≤ H1 ≤ · · · ≤ Hn = G.
Let t = sL(G)− 1 and suppose
{1} = Hp0 = . . . = Hpj1−1 < Hpj1 = . . . = Hpj2−1 < · · · < Hpjt = · · · = Hpn = Gp.
From Proposition 2.2 we know that we can pick elements a1, . . . , an ∈ G such that Hi =
〈a1, . . . , ai〉 and that apjk 6∈ Hpjk−1. Notice that apjk ∈ Hjk−1 and thus ap
2
jk
∈ Hpjk−1 and
thus Hpjk/H
p
jk−1 a cyclic group of order p. Notice that we have also used the fact that
Hpjk = 〈apjk , Hpjk−1〉 as Hjk = 〈ajk , Hjk−1〉. This is a well known property of powerful
p-groups (see [1] Corollary 1.9). Thus
|Gp| = |H
p
n|
|Hpn−1|
· · · |H
p
1 |
|Hp0 |
=
|Hpjt |
|Hpjt−1|
· · · |H
p
j1
|
|Hpj1−1|
= pt.
Hence the result follows. 2
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Proposition 2.4 Let G be a powerfully nilpotent p-group of rank r and order pn. Then
sL(G) = n− r + 1.
Proof As Gp is the Frattini subgroup of G it follows that
pr = |G/Gp| = p
n
psL(G)−1
.
The result follows from this. 2
Remark In particular it follows that sL(G) does not depend on L. We will thus denote
this number by s(G) and will call it the pth power length of G.
Lemma 2.5 Let G be a powerfully nilpotent group of powerful class c ≥ 2 then
[G,G] = [Zˆc(G), G] > [Zˆc−1(G), G] > . . . > [Zˆ1(G), G] = {1}
and
Gp = Zˆc(G)
p ≥ Zˆc−1(G)p > . . . > Zˆ1(G)p > Zˆ0(G)p = {1}.
In particular |Gp| ≥ |[G,G]| ≥ pc−1.
Proof Suppose 2 ≤ j ≤ c. If [Zˆj(G), G] = [Zˆj−1(G), G], then [Zˆj(G), G] ≤ Zˆj−2(G)p
and thus we get the contradiction that Zˆj(G) ≤ Zˆj−1(G). The proof of the latter strict
inequalities is similar. Let 1 ≤ j ≤ c − 1. If Zˆj(G)p = Zˆj−1(G)p then [Zˆj+1(G), G] ≤
Zˆj−1(G)p and thus Zˆj+1(G) = Zˆj(G) that gives the contradiction that the powerful class
of G is at most j ≤ c− 1. 2
Theorem 2.6 Let G be a powerfully nilpotent p-group with rank r, powerful class c and
order pn. Then
r ≤ n− c+ 1.
Proof Refining the upper powerfully central series we get an ascending powerfully central
series
{1} = H0 < H1 < . . . < Hn = G
where |Hi| = pi for i = 0, . . . , n and where {Hp0 , . . . , Hpn} contains Zˆ0(G)p, Zˆ1(G)p, . . . , Zˆc−1(G)p.
By Lemma 2.5 these c groups are distinct and thus c ≤ s(G) = n−r+1. Hence r ≤ n−c+1.
2
Presentations of powerfully nilpotent groups. Let G be any powerfully nilpotent
p-group of exponent pe, order pn and rank r. Suppose that
G = H0 > H1 > · · · > Hm = Gp
is a powerfully central series as given in the proof of Proposition 1.1. We can always refine
such a powerfully central chain to get a chain of length r such that the factors are of order
p. Without loss of generality we can thus assume that we have a powerfully central chain
G = H0 > H1 > · · · > Hr = Gp (1)
such that |Hi/Gp| = pr−i for i = 0, . . . , r. We then have G = 〈a1, . . . , ar〉 for any choice
of elements a1, . . . , ar ∈ G where Hi = 〈ai+1, . . . , ar〉Gp for i = 0, . . . , r. We would like to
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choose a1, . . . , ar so that the choice best reflects the structure of the group G.
As we saw in the proof of Proposition 1.1 we then get a powerfully central series
G = H0 > H1 > · · · > Hr = Gp
Gp = Hp0 ≥ Hp1 ≥ · · · ≥ Hpr = Gp2
...
Gp
e−1
= Hp
e−1
0 ≥ Hp
e−1
1 ≥ · · · ≥ Hpe−1r = Gpe = {1}.
Omitting repetitions we get a chain where for each k = 0, . . . , e − 1 the length of the
subchain between Gp
k
and Gp
k+1
is equal to rank(Gp
k
). Notice that, as in the proof of
Lemma 2.3, we have been using here implicitly [1] Corollary 1.9. Writing the groups in
ascending order we get a chain of the form
{1} = K0 < K1 < · · · < Kn = G
where |Ki| = pi for i = 0, . . . , n. We will now see how we can modify this further.
For 0 ≤ i ≤ r − 1 we have Hi = Hi+1〈ai+1〉 and by Lemma 2.1 we can choose our
generators a1, . . . , ar such that H
p
i = H
p
i+1 if and only if a
p
i+1 = 1. Having done this we
can then move all the generators that are of order p to the front of the others (keeping
the previous order unchanged otherwise) and we still have that (1) gives us a powerfully
central series. We can thus assume that for some 0 ≤ s ≤ r we have ap1 = · · · = aps = 1
and that Gp = Hps > H
p
s+1 > · · · > Hpr = Gp2 . Notice that the rank of Gp is the number of
jumps and thus the number of generators that have order at least p2. We have Gp = {1} if
s = r and otherwise 0 ≤ s < r and {1} < Gp = Hps . Suppose we are in the latter situation.
Using again Lemma 2.1 we see that for s ≤ j ≤ r − 1 we have Hp2j = Hp
2
j+1 if and only if
there exists x = yp ∈ Hpj \ Hpj+1 such that xp = 1. This happens if and only if there is
y ∈ Hj \Hj+1 such that the order of y is p2. We can thus choose our generators such that
furthermore Hp
2
j = H
p2
j+1 if and only if a
p2
j+1 = 1. Notice again that the rank of G
p2 is the
number of generators that have order at least p3. Continuing in this manner, considering
next Hp
3
0 ≥ Hp
3
1 ≥ · · · ≥ Hp3r = Gp4 and then p4th powers and so on, we eventually arrive
at a set of generators a1, . . . , ar with some specific properties. If for 0 ≤ i ≤ r we let
s(i) be the number of generators of order pi then |Gpi−1/Gpi | = ps(i)+s(i+1)+···+s(e). Using
the fact that [Gp
i
, G] ≤ Gpi+1 it is easy to see inductively that every element in G can be
written of the form al11 · · · alrr . We thus see from this that
G = 〈a1〉 · 〈a2〉 · · · 〈ar〉
where
|G| = |G/Gp| · |Gp/Gp2| · · · |Gpr−1/Gpr |
= ps(1)+···+s(e)ps(2)+···+s(e) · · · ps(e)
= ps(1)p2s(2) · · · pes(e)
= o(a1) · · · o(ar)
Notice that the number of generators of order pi is an invariant of the group, namely
s(i) = rankGp
i−1 − rankGpi .
7
Theorem 2.7 Let G be any powerfully nilpotent p-group of rank r,exponent pe and order
pn. Then we can choose our generators a1, . . . , ar such that |G| = o(a1) · o(a2) · · · o(ar)
and such that for H0 = G = 〈a1, . . . , ar〉Gp, H1 = 〈a2, . . . , ar〉Gp, . . . , Hr = Gp we get a
powerfully central chain
G = H0 > H1 > · · · > Hr = Gp
Gp = Hp0 ≥ Hp1 ≥ · · · ≥ Hpr = Gp2
...
Gp
e−1
= Hp
e−1
0 ≥ Hp
e−1
1 ≥ · · · ≥ Hpe−1r = Gpe = {1}.
Moreover if we write the groups of this chain in ascending order without repetitions, then
we get a powerfully central chain of the form
{1} = K0 < K1 < · · · < Kn = G
where |Ki| = pi for i = 1, . . . , n and where the groups G,Gp, . . . , Gpe = {1} are included.
Furthermore the generators satisfy relations of the form
[ai, aj] = a
m1(i,j)
1 a
m2(i,j)
2 · · · amr(i,j)r
for 1 ≤ j < i ≤ r where all the power indices are divisible by p and where furthermore
p2|mk(i, j) when k ≤ i. G is then the largest finite p-group satisfying these relations and
the relations
a
o(a1)
1 = · · · = ao(ar)r .
The number of generators of any given order pi is also an invariant for the group G.
Proof Most of this has been proved already. The fact that G satisfies relations of the
form given follows immediately from the fact that
G = H0 > H1 > . . . > Hr = G
p
is powerfully central. Now let H = 〈b1, . . . , br〉 be the largest finite p-group satisfying the
given relations in the variables b1, . . . , br. The relations then imply that H is powerful
and that the chain
〈b1, . . . , br〉Hp > 〈b2, . . . , br〉Hp > · · · > 〈br〉Hp > Hp
is powerfully central and thus H is powerfully central by Proposition 1.1. It follows that
H = 〈b1〉 · 〈b2〉 · · · 〈br〉 (a property that holds in fact for all powerful p-groups, see [1]
Theorem 1.1) and thus |H| ≤ o(b1) · · · o(br) = o(a1) · · · o(ar) = |G|. As G is clearly a
homomorphic image of H it follows that |H| = |G| and thus H ∼= G. 2.
Definition. Consider a presentation of a group G = 〈b1, . . . , br〉 satisfying relations
of the form
[bi, bj] = b
m1(i,j)
1 b
m2(i,j)
2 · · · bmr(i,j)r
for 1 ≤ j < i ≤ r where all the power indices are divisible by p and where furthermore
p2|mk(i, j) when k ≤ i. To these we add relations of the form
bp
e1
1 = 1, b
pe2
2 = 1, · · · , bp
er
r = 1
for some positive integers e1, . . . , er. We call such a presentation a powerfully nilpotent
presentation.
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Remark. We know from Theorem 2.7 that every powerfully nilpotent p-group has a
presentation of this form.
Definition. We say that a powerfully nilpotent presentation is consistent if the largest
finite p-group H satisfying the relations has order pe1pe2 · · · per .
3 Bounding the exponent in terms of the powerful
coclass
Lemma 3.1 Let G be any powerful p-group and let a, b ∈ G. For any integer k ≥ 0 we
have
[ap
k
, b] = [a, b]p
k
= [a, bp
k
]
modulo [Gp
k+1
, G].
Proof. First suppose that p is odd. We prove this by induction on k. For k = 0 this
is clear. Now suppose k ≥ 1 and that the result holds for smaller values of k. Using
the Interchange Lemma we observe that [Gp
k−1
, G,G]p = [[Gp
k−1
, G]p, G], [Gp
k−1
, G,G,G],
[Gp
k
, G,G] and [Gp
k
, G]p are all contained in [Gp
k+1
, G]. We will be using this fact in the
following calculations. By the induction hypothesis we have that [ap
k−1
, b] = [a, b]p
k−1
u
for some u ∈ [Gpk , G]. Let x = apk−1 . Then, calculating modulo [Gpk+1 , G], we have
[ap
k
, b] = [xp, b]
= [x, b]p[x, b, x](
p
2)
= [ap
k−1
, b]p
= ([a, b]p
k−1
u)p
= [a, b]p
k
up
= [a, b]p
k
.
This proves the induction step and thus completes the proof when p is odd. When p = 2,
the induction step is easier as [G,G] ≤ G4 and thus [Gpk−1 , G,G] ≤ [Gpk+1 , G]. Using this
fact, the calculations as above show that, modulo [Gp
k+1
, G], we have [ap
k
, b] = [a, b]p
k
. 2
Remark. As [Gp
k+1
, G] ≤ Gpk+2 we get in particular that [apk , b] = [a, b]pk = [a, bpk ]
modulo Gp
k+2
.
Lemma 3.2 Let G be a powerful p-group and suppose G = 〈a1, . . . , ar〉 and that Gpk =
〈apki1 , . . . , ap
k
is
〉 for some 1 ≤ i1 < i2 < · · · < is ≤ r. Then
[〈apkij 〉, G][Gp
k+1
, G] = 〈[apkij , ai1 ], . . . , [ap
k
ij
, ais ]〉[Gp
k+1
, G].
Proof It clearly suffices to show that for m ∈ {1, . . . , r} we have
[ap
k
ij
, am] ∈ 〈[apkij , ai1 ], . . . , [ap
k
ij
, ais ]〉[Gp
k+1
, G].
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Now ap
k
m = a
pke1
i1
ap
ke2
i2
· · · apkesis for some integers e1, . . . , es. Thus, calculating modulo
[Gp
k+1
, G] and using Lemma 3.1, we have
[ap
k
ij
, am] = [aij , a
pk
m ]
= [aij , a
pke1
i1
· · · apkesis ]
= [aij , a
pk
i1
]e1 · · · [aij , ap
k
is
]es
= [ap
k
ij
, ai1 ]
e1 · · · [apkij , ais ]es .
This finishes the proof. 2
Corollary 3.3 Let G be a powerful p-group. If the rank of Gp
k
is 1 then Gp
k ≤ Z(G).
Proof. Suppose Gp
k
= 〈cpk〉. By Lemma 3.2 we then have
[Gp
k
, G] = 〈[cpk , c]〉[Gpk+1 , G] = [Gpk+1 , G].
But then [Gp
k
, G] = [Gp
k
, G]p = [Gp
k
, G]p
2
= · · · = {1}. 2
Proposition 3.4 Let G be a powerfully nilpotent group and suppose that Gp
k
has rank
s ≥ 2. There exists a chain
Gp
k
= H0 > H1 > . . . > Hs−1 = Gp
k+1
that is powerfully centralized by G.
Proof Suppose G has rank r. By Theorem 2.7, we can pick our generators a1, . . . , ar
such that for K0 = 〈a1, . . . , ar〉Gp, K1 = 〈a2, . . . , ar〉Gp, . . . , Kr = Gp we have a chain that
is powerfully centralized by G. Furthermore the chain
Gp
k
= Kp
k
0 ≥ Kp
k
1 ≥ · · · ≥ Kp
k
r = G
pk+1
is also powerfully centralized by G. Omitting repetitions we get a chain of the form
Gp
k
= 〈apki1 , . . . , ap
k
is
〉Gpk+1 > 〈apki2 , . . . , ap
k
is
〉Gpk+1 > . . . > 〈apkis 〉Gp
k+1
> Gp
k+1
for some 1 ≤ i1 < i2 < · · · < is ≤ r. We can do better than this. Using Lemmas 3.1 and
3.2, we have
[〈apki1 〉, G]Gp
k+2
= 〈[apki1 , ai2 ], . . . , [ap
k
i1
, ais ]〉Gp
k+2
= 〈[ai1 , ap
k
i2
], . . . [ai1 , a
pk
is
]〉Gpk+2 .
As [Gp
k+1
, G] ≤ Gpk+2 , this implies that
[Gp
k
, G] ≤ [〈apki2 , . . . , ap
k
is
〉Gpk+1 , G]Gpk+2 ≤ (〈apki3 , . . . , ap
k
is
〉Gpk+1)p.
We thus have that
Gp
k
= 〈apki1 , . . . , ap
k
is
〉Gpk+1 > 〈apki3 , . . . , ap
k
is
〉Gpk+1 > 〈apki4 , . . . , ap
k
is
〉Gpk+1 > . . . > 〈apkis 〉Gp
k+1
> Gp
k+1
is powerfully central. 2
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Theorem 3.5 Let G be a powerfully nilpotent group of order pn, powerful class c and
exponent pe. Then
e ≤ n− c+ 1.
Proof This is easy to see when G is cyclic so we can assume that the rank of G is at least
2. Let k be the largest non-negative integer such that the rank of Gp
k
is greater than or
equal to 2. Let ri be the rank of G
pi for i = 0, 1, . . . , k and let pn0 = |Gpk+1|. Notice then
that
e = k + 1 + n0
n = r0 + r1 + · · ·+ rk + n0.
By Proposition 3.4 there exists for each 0 ≤ j ≤ k a descending chain
Gp
j
= H0 > H1 > . . . > Hrj−1 = G
pj+1
that is powerfully centralized by G. Adding up for j = 0, 1, . . . , k and using the fact from
Corollary 3.3 that Gp
k+1 ≤ Z(G), we get a central chain of total length (r0 − 1) + (r1 −
1) + · · ·+ (rk − 1) + 1. Hence
c ≤ (r0 − 1) + (r1 − 1) + · · ·+ (rk − 1) + 1.
We conclude that
n− c ≥ n− [(r0 − 1) + · · ·+ (rk − 1) + 1]
= (r0 + r1 + · · ·+ rk + n0)− [(r0 − 1) + · · ·+ (rk − 1) + 1]
= k + n0
= e− 1.
Hence e ≤ n− c+ 1. 2
As a corollary we get one of the central results of this paper.
Theorem 3.6 For each prime p and non-negative integer d, there are finitely many pow-
erfully nilpotent p-groups of powerful coclass d.
Proof Let G be a powerfully nilpotent group of order pn, rank r and exponent e. Then
n ≤ re ≤ (d+ 1)(d+ 1) and thus the order of G is bounded by the powerful coclass. 2
4 Groups with maximal tail
Definition. Let G be a powerfully nilpotent p-group and let k be the largest non-negative
integer such that
p = |Z(G)p| = |Zˆ2(G)
p
Zˆ1(G)p
| = · · · = | Zˆk(G)
p
Zˆk−1(G)p
|.
we refer to Zˆk(G)
p as the tail of G and k as the length of the tail.
Remark. If G has a tail of length k then G,G/Zˆ1(G)
p, G/Zˆ2(G)
p, . . . , G/Zˆk(G)
p all
have the same powerful coclass.
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Now let G be any powerfully nilpotent p-group of rank r and exponent pe. By Theo-
rem 2.7 we can find a1, a2, . . . , ar ∈ G such that for
K0 = 〈a1, a2 . . . , ar〉Gp, K1 = 〈a2, . . . , ar〉Gp, · · · , Kr = Gp
we have that the chain
G = K0 ≥ K1 ≥ · · · ≥ Kr = Gp
Gp = Kp0 ≥ Kp1 ≥ · · · ≥ Kpr = Gp2
...
Gp
e−1
= Kp
e−1
0 ≥ Kp
e−1
1 ≥ · · · ≥ Kpe−1r = Gpe = {1},
is powerfully central in G.
Lemma 4.1 Rewrite the chain in ascending order without repetitions. Then suppose the
chain up to and including Gp is
{1} = M0 < M1 < . . . < Mt = Gp.
We have that Mj ≤ Zˆj(G)p for j = 0, . . . , t. Also if the tail of G is Zˆk(G)p then Mi =
Zˆi(G)
p for i = 0, . . . , k.
Proof We prove the first part by induction on 0 ≤ j ≤ t. This is obvious when j = 0.
Now suppose that j ≥ 1 and that the result holds for smaller values of j. Let q be the
largest and then, for that q, i be the largest such that Mj = K
pq
i . Then 0 ≤ i ≤ r − 1
and Kp
q
i+1 = Mj−1. Thus
[Kp
q−1
i , G] ≤ (Kp
q−1
i+1 )
p = Mj−1 ≤ Zˆj−1(G)p
by the induction hypothesis. Hence Kp
q−1
i ≤ Zˆj(G) and thus Mj = Kp
q
i ≤ Zˆj(G)p. This
finishes the inductive proof. The 2nd part follows from the 1st part and the fact that
|Zˆi(G)p| = pi for i = 0, . . . , k. 2
Proposition 4.2 Let G be a powerfully nilpotent p-group with a tail of length k. Suppose
Gp
i+1 ≤ Zˆk(G)p for some non-negative integer i. If rank (Gpi) ≥ 2 we have
rank (Gp
i
) > rank (Gp
i+1
).
Proof Suppose the rank of Gp
i
is s. We know that the following chain is powerfully
centralized by G
Gp
i
= Kp
i
0 ≥ Kp
i
1 ≥ · · · ≥ Kp
i
r = G
pi+1 .
Omitting repetitions we get a chain
Gp
i
= 〈apii1 , . . . , ap
i
is
〉Gpi+1 > 〈apii2 , . . . , ap
i
is
〉Gpi+1 > · · · > 〈apiis 〉Gp
i+1
> Gp
i+1
with 1 ≤ i1 < i2 < · · · < is ≤ r. As we saw in the proof of Proposition 3.4 we can omit
the 2nd term and we still have a chain powerfully centralized by G. All the terms are
then in particular powerfully embedded in G. If Gp
i ≥ E > F ≥ Gpi+1 where E,F are
consecutive terms in the chain, then [Ep, G] = [E,G]p ≤ (F p)p. Thus we get the chain
Gp
i
= 〈apii1 , . . . , ap
i
is
〉Gpi+1 > 〈apii3 , . . . , ap
i
is
〉Gpi+1 > · · · > 〈apiis 〉Gp
i+1
> Gp
i+1
Gp
i+1
= 〈api+1i1 , . . . , ap
i+1
is
〉Gpi+2 ≥ 〈api+1i3 , . . . , ap
i+1
is
〉Gpi+2 ≥ · · · ≥ 〈api+1is 〉Gp
i+2 ≥ Gpi+2
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that is powerfully centralized by G. Let E = Gp
i
and F = 〈apii3 , . . . , ap
i
is
〉Gpi+1 . By
Lemma 4.1 we know that F p = Kp
i+1
i3−1 is equal to some Zˆt(G)
p where 0 ≤ t ≤ k. As
[E,G] ≤ F p = Zˆt(G)p, it follows that E ≤ Zˆt+1(G) and thus Ep ≤ Zˆt+1(G)p. If Ep = F p
then [Ep : F p] = 1. Otherwise Zˆt+1(G)
p ≥ Ep > F p = Zˆt(G)p. As Ep = Gpi+1 ≤ Zˆk(G)p
we know from Lemma 4.1 that [Ep : F p] = [Zˆt+1(G)
p : Zˆt(G)
p] = p and it follows that the
rank of Gp
i+1
is at most s− 1. 2
Theorem 4.3 Let G be a powerfully nilpotent group of rank r ≥ 2 and with tail of size
at least 1. Let f be the largest non-negative integer such that Gp
f
has rank at least 2. Let
i be the smallest non-negative integer such that Gp
i+1
is contained in the tail of G. Then
i ≤ f + 1 and if i < f + 1, then
rank(Gp
i
) > rank(Gp
i+1
) > · · · > rank(Gpf+1).
Furthermore the length of the tail of G is at most 1 + r(r−1)
2
.
Proof By Corollary 3.3 we know that Gp
f+2 ≤ Z(G)p and thus Gpf+2 is contained in the
tail of G. Therefore i+ 1 ≤ f + 2 and then i ≤ f + 1. Notice that if i = f + 1 then Gpi is
cyclic. If i < f + 1 we must have that the rank of Gp
i
is at least 2. It then follows directly
from Proposition 4.2 that rank(Gp
i
) > rank(Gp
i+1
) > · · · > rank(Gpf+1). For the last part,
notice that the scenario where the length of the tail would potentially be largest is when
the tail is equal to Gp and where rank(G) = r, rank(Gp) = r− 1, . . . , rank(Gpr−1) = 1. By
Corollary 3.3 we then have that Gp
r−1 ≤ Z(G). For there to be a tail of length greater
than 0 we then need |Z(G)p| = p and thus |Gpr−1| ≤ p2. Thus the size of the tail can’t be
longer than
|Gp| = |Gp/Gp2| · |Gp2/Gp3 | · · · |Gpr−2/Gpr−1| · |Gpr−1| ≤ p(r−1)+(r−2)+···+2+2.
This finishes the proof. 2
Definition. Let G be a powerfully nilpotent p-group. We say that G has maximal
tail if the tail of G is Gp.
Definition. Let G be a powerfully nilpotent p-group. We say that a subgroup H is
powerfully hypercentral if there exists a descending chain of subgroups
H = H0 > H1 > . . . > Hn = {1}
such that [Hi, G] ≤ Hpi+1 for i = 0, . . . , n− 1.
Theorem 4.4 Let G be a powerfully nilpotent group of rank r ≥ 2 that has a maximal
tail. Suppose G has order pn, powerful class c and exponent pe. Let t be the length of the
tail.
(a) We have that t = n− r and c− 1 ≤ t ≤ c. It follows also that n− c ≤ r ≤ n− c+ 1.
(b) We have t ≤ 1 + r(r−1)
2
and n ≤ 1 + r(r+1)
2
.
(c) We have rank(G) > rank(Gp) > · · · > rank(Gpe−2).
(d) We have G/Zˆi(G)
p has maximal tail for all non-negative integers i.
(e) If H ≤ G is powerfully hypercentral, then Hp = Zˆi(G)p for some integer i ≥ 0.
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Proof (a) As |Gp| = pn−r, it is clear that t = n − r. From Lemma 2.5 we know that
Zˆc−2(G)p < Zˆc−1(G)p ≤ Zˆc(G)p = Gp. As the tail is Gp we see from this that c−1 ≤ t ≤ c.
(b) The first inequality follows from Theorem 4.3 and the 2nd one follows from |G| =
|Gp| · |G/Gp| = ptpr.
(c) If rank(Gp
e−1
) ≥ 2, this follows from Theorem 4.3. Now suppose that rank(Gpe−1) = 1.
Let f be the largest non-negative integer such that Gp
f
has rank at least 2. Then Gp
f+1
is cyclic and non-trivial and by Corollary 3.3 we then know that Gp
f+1 ≤ Z(G). As
|Z(G)p| = p it follows that Gpf+3 = {1} and thus e ≤ f+3 that implies that e−2 ≤ f+1.
The result now follows from Theorem 4.3 and the fact that e − 2 is the smallest integer
such that Gp
e−2
has rank 1.
(d) This follows straight from the fact that Zˆi(G)
p ≤ Gp and that G has maximal tail.
(e) If Hp = {1} then Hp = Zˆ0(G)p. Thus suppose that Hp 6= {1}. By our assump-
tions there is a descending chain
H = H0 > H1 > . . . > Hn = {1}
where [Hi, G] ≤ Hpi+1 for i = 0, . . . , n− 1. Let j be smallest such that Hpj = {1}. Notice
that j ≥ 1. As [Hj−1, G] ≤ Hpj = {1} we have Hj−1 ≤ Z(G). Then {1} < Hpj−1 ≤ Z(G)p
and as |Z(G)p| = p, it follows that Hpj−1 = Z(G)p. Replacing H,G by H/Z(G)p, G/Z(G)p,
we see inductively that Hp = Zˆj(G)
p for some j. 2
Remark. (1) We know from Theorem 4.4 that if G has maximal tail then n − c ≤
r ≤ n−c+1. Let G be a powerfully nilpotent group of rank r ≥ 2, powerful class c, order
pn and exponent pe where r = n− c + 1. Notice then |Gp| = pn−r = pc−1. From Lemma
2.5 we know that
{1} = Zˆ0(G)p < Zˆ1(G)p < · · · < Zˆc−1(G)p.
Hence Zˆc−1(G)p = Gp and G has maximal tail of length c− 1.
If on the other hand r = n − c and G has maximal tail, then the length of the tail
must be c and this happens if and only if Zˆc−1(G)p < Zˆc(G)p.
(2) We know from Theorem 4.4 that if G has maximal tail, then the length of the tail is
t ≤ 1 + r(r − 1)/2. We also know from the proof of Theorem 4.3 that in order for the
upper bound to be attained, we need rank(G) = r, rank(Gp) = r− 1, . . . , rank(Gpr−2) = 2
and that Gp
r−1
is cyclic of order p2. In particular we must have that e = r + 1. As
n− c ≤ r ≤ n− c+ 1 and e ≤ n− c+ 1 this can only happen if
r = n− c and e = n− c+ 1. (2)
Conversely, G has maximal tail of length 1 + r(r − 1)/2 if Zˆc−1(G)p < Zˆc(G)p and (2)
holds. To see this notice first that r = n − c and Zˆc−1(G)p < Zˆc(G)p implies that
|Zˆc(G)p| ≥ pc = pn−r = |Gp| and thus Gp = Zˆc(G)p. Hence this implies that G has
maximal tail. From Theorem 4.4 we then have that
rank(G) = r, rank(Gp) = r − 1, . . . , rank(Gpr−1) = rank(Gpe−2) = 1
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and thus, as e = r+1, Gp
r−1
is cyclic of order p2. It follows then that |Gp| = p1+r(r−1)/2 and
thus t = 1+r(r−1)/2. We conjecture that for each r ≥ 1 there exist a group G with max-
imal tail of length t = 1+r(r−1)/2. The following examples give such examples for r ≤ 5.
Example 1 (r ≤ 4). Let G(r) = 〈x, a1, . . . , ar−1〉 where the following relations hold
xp
r+1
= 1, ap1 = a
p2
2 = · · · = ap
r−1
r−1 = 1,
[a1, x] = a
p
2, [a2, x] = a
p
3, . . . , [ar−2, x] = a
p
r−1, [ar−1, x] = x
p2 .
Unfortunately, this recipe does not work for higher r without modification, although
we believe that a modification in line with the one given in the following example will
work for all r.
Example 2. Let G = 〈x, a, b, c, d〉 with relations
x15625 = 1, a5 = b25 = c125 = d625 = 1,
[a, x] = b5, [b, x] = c5, [c, x] = d5, [d, x] = x25, [c, d] = c25d375.
5 Growth of PN groups of exponent p2
Let p be a given odd prime. In this section we describe the growth of powerfully nilpotent
p-groups of exponent p2 in terms of the order.
Let y, x be fixed non-negative integers. Let G = 〈a1, a2, . . . , ay+x〉 be a powerfully nilpo-
tent group of rank r = y + x and order pn where n = y + 2x. Here we are assuming
furthermore that o(a1) = · · · = o(ay) = p, o(ay+1) = · · · = o(ay+x) = p2 and that these
satisfy a powerfully nilpotent presentation
[ai, aj] = a
pαi+1(i,j)
i+1 a
pαi+2(i,j)
i+2 · · · apαy+x(i,j)y+x
for 1 ≤ j < i ≤ y + x with 0 ≤ αk(i, j) ≤ p− 1.
Taking into account that ap1 = . . . = a
p
y = 1 and that y = n − 2x, we see that for
1 ≤ j < i ≤ y = n− 2x there are px choices for [ai, aj]. Notice that there are
(
y
2
)
=
(
n−2x
2
)
such pairs (i, j). For y + 1 ≤ i ≤ y + x and 1 ≤ j < i there are px+y−i possible values for
[ai, aj] and for each such i there are i − 1 such pairs (i, j). Thus for a fixed n and x the
total number of powerfully nilpotent presentations is ph(x) where
h(x) =
(
y
2
)
x+ y(x− 1) + (y + 1)(x− 2) + · · ·+ (y + x− 2) · 1
=
x
6
(7x2 − 9(n− 1)x+ 3n2 − 6n+ 2)
and thus
h′(x) =
21
6
[(x− 3
7
(n− 1))2 − ( 2
49
(n− 1)2 + 1/21)].
The two roots of h′(x) are 3
7
(n− 1)±
√
2
49
(n− 1)2 + 1/21. Notice that 0 ≤ x ≤ n/2 and
it is not difficult to see that for sufficiently large n
0 <
3
7
(n− 1)−
√
2
49
(n− 1)2 + 1/21 < n/2 < 3
7
(n− 1) +
√
2
49
(n− 1)2 + 1/21.
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It follows from this that for sufficiently large n, the cubic h(x) takes its maximal value
when x = xmax =
3
7
(n− 1)−
√
2
49
(n− 1)2 + 1/21 and where the integer x(n), that gives
the largest value for h(x), satisfies xmax−1 ≤ x(n) ≤ xmax+1. Thus we have that x(n)/n
tends to (3 − √2)/7 as n tends to infinity. Thus h(x(n))/n3 = x(n)
6n
(7x(n)2/n2 − 9(1 −
1/n)x(n)/n+ 3− 6/n+ 2/n2) tends to
3−√2
6 · 7 (7(
3−√2
7
)2 − 93−
√
2
7
+ 3) =
9 + 4
√
2
294
as n tends to infinity.
Let n be fixed. For any 0 ≤ x ≤ bn
2
c, let P(n, x) be the collection of all powerfully
nilpotent presentations as above. It is not difficult to see that those presentations are
consistent and thus the resulting group is of exponent p2, order pn and rank n− x. Fur-
thermore ap1 = · · · = apn−2x = 1 and ap
2
n−2x+1 = · · · = ap
2
n−x = 1. We have just seen that if
x(n) is chosen such that number of presentations is maximal then
|P(n, x(n))| = pαn3+o(n3)
where α = 9+4
√
2
294
. Let Pn be the total number of the powerfully nilpotent presentations
where 0 ≤ x ≤ bn
2
c. Then
Pn = P(n, 0) ∪ P(n, 1) ∪ · · · ∪ P(n, bn/2c)
and thus
pαn
3+o(n3) = |P(n, x(n))| ≤ |Pn| = |P(n, 0)|+· · ·+|P(n, bn/2c)| ≤ n·|P(n, x(n))| = pαn3+o(n3).
This shows that
|Pn| = pαn3+o(n3).
We want to show that this also gives us the growth of powerfully nilpotent groups of
exponent p2 with respect to the order pn. Clearly pαn
3+o(n3) gives us an upper bound. We
want to show that this is also a lower bound. Let x = x(n) be as above. Let a1, . . . , an−x
be a set of generators for a powerfully nilpotent group G where ap1 = · · · = apn−2x = 1 and
ap
2
n−2x+1 = · · · = ap
2
n−x = 1. Notice that 〈a1, . . . , an−2x〉Gp = G[p] = {g ∈ G : gp = 1}
and this is thus a characteristic subgroup of G. It will be useful to consider a larger class
of presentations for powerfully nilpotent groups of exponent p2 and order pn where we
still require o(a1) = · · · = o(an−2x) = p and o(an−2x+1) = · · · = o(an−x) = p2. We let
Q(n, x) = Q(n, x(n)) be the collection of all presentations with additional commutator
relations
[ai, aj] = a
pα1(i,j)
1 · · · apαn−x(i,j)n−x .
The presentation will be included in Q(n, x) provided the resulting group is a powerfully
nilpotent groupG of exponent p2 and order pn. Notice then thatGp ≤ Z(G) and as a result
the commutator relations above only depend on the cosets a¯1 = a1G
p, . . . , a¯n−x = an−xGp
and not on the exact values of a1, . . . , an−x. Consider the vector space V = G/Gp =
Zpa¯1 + · · ·+ Zpa¯n−x. Recall that 〈a1, . . . , an−2x〉Gp is a characteristic subgroup of G. Let
W = Zpa¯1 + · · ·+ Zpa¯n−2x be the corresponding subspace of V . Then let
H = {φ ∈ GL(n− x, p) : φ(W ) = W}.
16
There is now a natural action from H on Q(n, x). Suppose we have some presentation
with generators a1, . . . , an−x as above. Let φ ∈ H and suppose that
ai
φ = β1(i)a1 + · · ·+ βn−x(i)an−x.
We then get a new presentation in Q(n, x) for G with respect to the generators b1, . . . , bn−x
where bi = a
β1(i)
1 · · · aβn−x(i)n−x .
Suppose there are l powerfully nilpotent groups of exponent p2 and order pn where
|Gp| = px. Pick powerfully nilpotent presentations p1, . . . , pl ∈ P(n, x) for these. Let q be
any powerfully nilpotent presentation in P(n, x) of a group K with generators b1, . . . , bn−x.
Then q is a presentation for an isomorphic group G with presentation pi and generators
a1, . . . , an−x. Let φ : K → G be an isomorphism and let ψ : K/Kp → G/Gp be the
corresponding linear automorphism. This gives us a linear automorphism τ ∈ H induced
by τ(a¯i) = ψ(b¯i). Thus q = p
τ
i . Thus the orbits of p1, . . . , pl cover P(n, x) and thus
P(n, x) ⊆ pH1 ∪ pH2 ∪ · · · ∪ pHl .
From this we get
pαn
3+o(n3) = |P(n, x)| ≤ |pH1 |+ · · ·+ |pHl | ≤ l · |H| ≤ l · pn
2
,
and it follows that l ≥ pαn3+o(n3). We thus get the following result.
Theorem 5.1 The number of powerfully nilpotent groups of exponent p2 and order pn is
pαn
3+o(n3), where α = 9+4
√
2
394
.
Remark. Using a similar analysis one can estimate the growth of all powerful p-groups
of exponent p2 and order pn, where p is odd. This turns out to be
p
2
27
n3+o(n3).
Thus while the powerfully nilpotent p-groups of exponent p2 and order pn are very nu-
merous they are sparse within the larger class of all powerful p-groups of exponent p2 and
order pn as n tends to infinity.
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